Abstract. We calculate the meson screening mass in a pion superfluid in the framework of Nambu-JonaLasinio model. The minimum of the attractive quark potential is always located at the phase boundary of pion superfluid. Different from the temperature and baryon density effect, the potential at finite isospin density can not be efficiently suppressed and the matter is always in a strongly coupled phase due to the Goldstone mode in the pion superfluid.
Introduction
Understanding the behavior of quantum chromodynamics (QCD) at finite temperature and density is essential for a description of the development of the early universe and compact stars and for the explanation of the results from high energy nuclear collisions at Relativistic Heavy Ion Collider (RHIC) and Large Hadron Collider (LHC), where high temperature and/or density can be reached. From Lattice simulations [1, 2, 3, 4] at finite temperature, there are two QCD phase transitions, namely the deconfinement transition from hadronic matter to quark matter and the chiral transition from chiral symmetry breaking to its restoration.
At finite baryon density, the QCD phase structure becomes more rich. Besides the deconfinement and chiral phase transitions, the color symmetry which is strict in vacuum is spontaneously broken and leads to a new phase at high density, the so-called color superconductor [5, 6, 7] which may exist in the core of dense quark stars. However, due to the fermion sign problem [8] , there is not yet precise lattice result at finite baryon density. While the properties of the new phases at extremely high density can be studied with perturbative QCD, to investigate the phase transitions themselves at moderate baryon density one needs effective QCD models at low energy.
The isospin symmetry is spontaneously broken when the isospin chemical potential is larger than the pion mass, resulting in the so-called pion superfluid phase [9] which may exist in the core of neutron stars. In comparison with the temperature and baryon density effect, the study on isospin effect or pion superfluid phase includes new phenomena: 1) The isospin structure of QCD phase transitions can be directly examined through lattice simulations without serious technical problems [10, 11] emerged at finite baryon density; 2) While for the color superconductivity at finite baryon density the Goldstone modes corresponding to the local color symmetry breaking are eaten up by the Higgs mechanism, the Goldstone mode corresponding to the global isospin symmetry breaking dominates the thermal and dynamic properties of the pion superfluid [12] ; 3) While the phase transitions of deconfinement and chiral symmetry restoration occur at finite temperature and baryon density, there might be no deconfinement [13] and the chiral structure is also significantly changed [14] at finite isospin density.
From the lattice calculated thermodynamics at finite temperature, the energy density [3] and pressure [4] do not reach the corresponding ideal gas limit in the deconfined phase, this means that the quark matter close to the phase transition is not a weakly but a strongly interacting system. The strongly coupled quark matter predicted by the theoretical calculations is recently supported by the strong collective flow [15, 16, 17] observed in heavy ion collisions at RHIC. It is widely accepted that the coupling strength will decrease with increasing temperature and baryon density, and the quark matter will be in a weakly coupled phase when the temperature or density is high enough.
The potential between two quarks in hot and dense medium can well describe the changes in quark properties at finite temperature and density. It presents a direct way to understand whether the matter is a strongly coupled one. For instance, the heavy quark potential extracted from lattice simulations [18] at finite temperature is the key point to explain the J/ψ suppression [19] observed in heavy ion collisions at RHIC. At finite temperature and baryon density, the effect of chiral symmetry restoration on the quark potential is investigated [20] in the framework of Nambu-Jona-Lasinio (NJL) model [21] . It is found that the minimum of the attractive potential is located at the critical temperature T c or the baryon chemical potential µ c B of the chiral phase transition, and the strongly coupled matter survives only in the temperature region 1 < T /T c 2 − 3 or baryon density region 1 < µ B /µ c B 2. In this paper, we study the meson screening mass and the quark potential at finite isospin density in the NJL model. We will focus on the potential in the pion superfluid and explain its surprising isospin behavior induced by the Goldstone mode corresponding to the spontaneous isospin symmetry breaking. The original NJL model [21] is inspired by the BCS theory describing normal electron superconductor, and therefore its version at quark level is widely used to describe chiral symmetry restoration, color superconductor and pion superfluid (For reviews and general references, see Ref. [22, 23, 24, 25, 26, 27, 28] ). To understand the results of lattice QCD thermodynamics in terms of quasi-particle degrees of freedom, the model is recently extended to include Polyakov loop dynamics (PNJL) [29, 30, 31] . Because of the contact interaction among quarks, there is no confinement in the model and it is necessary to introduce a momentum cutoff Λ to avoid the singularity in momentum integrations. From the uncertainty principle, the minimal length scale in the NJL model is R ∼ 1/Λ. Taking the standard cutoff value Λ ∼ 600 MeV [22, 23, 24, 25, 26] , we have R ∼ 1/3 fm. This means that, the quark potential calculated in the NJL model might be reasonable in the region of r > 1/3 fm. In the short range the model is probably not applicable.
The paper is organized as follows. In Section 2 we review the meson propagators in the pion superfluid in the NJL model and calculate the meson screening masses. In Section 3 we calculate the quark potential exactly and in pole approximation, analyze the dominant contribution from the Goldstone mode due to spontaneous isospin symmetry breaking, and discuss the strongly coupled matter in the whole pion superfluid. We summarize in Section 4.
meson screening masses
To simplify the numerical calculations, we take the original NJL model and neglect the Polyakov loop potential [29, 30, 31] which disappears at zero temperature. The two flavor NJL model is defined through the Lagrangian density
(1) with scalar and pseudoscalar interactions corresponding to σ and π excitations, where m 0 is the current quark mass, G is the coupling constant with dimension (GeV) −2 , the quark fields ψ and ψ, the Pauli operators τ = (τ 1 , τ 2 , τ 3 ) and the quark chemical potential
are matrices defined in flavor space, and µ B and µ I are baryon and isospin chemical potentials. At µ I = 0, the system has the symmetry U B (1) SU I (2) SU A (2), corresponding to baryon number symmetry, isospin symmetry and chiral symmetry. However, the isospin symmetry SU I (2) is explicitly broken down to U I (1) global symmetry at small µ I , and then the U I (1) symmetry is further spontaneously broken down with condensation of charged pions at large µ I . At µ B = 0, the Fermi surfaces of u(d) and anti-d(u) quarks coincide and hence the condensate of u and anti-d quarks is favored at µ I > 0 and the condensate of d and anti-u quarks is favored at µ I < 0. A finite µ B provides a mismatch between the two Fermi surfaces and will reduce the pion condensation.
Introducing the chiral condensate
and pion condensate
with τ ± = (τ 1 ± iτ 2 ) / √ 2, which are respectively the order parameters for the chiral phase transition and pion superfluid, the inverse of the quark propagator in mean field approximation defined in flavor space
can be written as
where m = m 0 − 2Gσ is the dynamic quark mass induced by the spontaneous chiral symmetry breaking. With the quark propagator, the physical condensates σ and π are determined by the gap equations,
with the trace taken in color and Dirac spaces, where the four dimensional momentum integration is defined as
n in the imaginary time formalism of finite temperature field theory with the Matsubara frequency ω n = (2n + 1)πnT, n = 0, ±1, ±2, ... for fermions.
In the NJL model, the meson modes are regarded as quantum fluctuations above the mean field and can be effectively expressed at quark level in terms of quark bubble summation in random phase approximation (RPA) [22, 23, 24, 25, 26] . In normal phase without pion condensation, the bubble summation selects its specific isospin channel by choosing at each stage the same proper polarization. In the pion superfluid phase, however, the quark propagator contains off-diagonal elements in flavor space, we must consider all possible isospin channels in the bubble summation. In this case, the meson polarization function becomes a matrix in the four dimensional meson space with off diagonal elements [14] 
with j, k = σ, π + , π − , π 0 , where the trace is taken in color, flavor and Dirac spaces, and the meson vertexes are defined as
From the definition (7), the polarization function Π is a symmetric matrix in the meson space with Π jk = Π kj , and the neutral pion π 0 is decoupled from the charged
pions π + and π − and the isospin singlet σ with Π π0σ = Π π0π+ = Π π0π− = 0. Considering further the relations Π σπ− (q) = Π σπ+ (−q) and Π π−π− (q) = Π π+π+ (−q), there are only five independent polarization elements Π σσ , Π σπ+ , Π π+π+ , Π π+π− and Π π0π0 . Taking the trace and performing the fermion frequency summation in (7), and introducing the following definitions based on the quark energy
with a, b = ± and the Fermi-Dirac distribution function f (x) = 1/ e (x−µB/3)/T + 1 , the complicated expressions for the polarizations are greatly simplified, and the five independent elements can be explicitly expressed in a compact way in (9) , with p ± = p ± q/2. Note that there is no Lorentz invariance at finite temperature and density, and the polarization elements are no longer functions of the Lorentz scalar quantity q 2 = q 2 0 − q 2 but depend separately on q 2 0 and q 2 . Describing the meson exchange in quark scattering via the quark bubble summation and taking into account the spontaneous isospin symmetry breaking, the meson propagator can effectively be expressed as a matrix in the four dimensional meson space [14] 
The dynamical meson mass M j in vacuum is defined as the pole of the meson propagator at q 2 = M 2 j . At finite temperature and density, the position of the pole is changed to
where the symbol det means the determinant of the matrix 1 − 2GΠ. In normal phase without pion condensation, it is simplified to four independent mass equations, 1 − 2GΠ jj M 2 j , 0 = 0. At µ I = 0 and in chiral limit, it is found [32] that the three pions are the Goldstone modes corresponding to the spontaneous chiral symmetry breaking and dominate the thermodynamics of the system at low T and low µ B . In the pion superfluid, however, mesons σ, π + and π − are coupled together and no longer the eigen modes of the Hamiltonian of the system, the new eigen modes, labeled by σ, π + and π − are linear combinations of σ, π + and π − . The pole equation (11) in this case is separated into 1 − 2GΠ π0π0 M 2 π0 , 0 = 0 for π 0 (to avoid confusion with the π 0 in normal phase, we still use π 0 to stand for π 0 in the pion superfluid) and det 1 − 2G Π M 2 j , 0 = 0 for σ, π + and π − , where the polarization Π is the sub-matrix of Π defined in the meson subspace {σ, π + , π − }. The T , µ B and µ I dependence of M j is shown in Ref. [14] .
From the Yukawa potential between two nucleons, V (r) ∼ e −Mr /r, its strength is governed by the mass M of the exchanged boson. The long range force is suppressed or screened by the massive boson (this is the reason why M is called the screening mass). Its inverse is the screening length R = 1/M. At finite temperature, the screening mass is defined as the pole of the boson propagator at q 2 0 = 0, q 2 = −M 2 . In the NJL model at quark level, the meson screening mass M which control the quark potential are defined as
which is again simplified to four independent equations 1− 2GΠ jj (0, −M Before the numerical calculation, we can analytically prove that in the pion superfluid the mass equation (11) at M = 0 or (12) at M = 0 becomes exactly the second gap equation of (6) for the pion condensate,
This means that the Goldstone mode with M = M = 0, corresponding to the spontaneous isospin symmetry breaking, is automatically guaranteed in the RPA approximation in the NJL model, and the Yukawa potential via the exchange of the Goldstone meson is not screened. There are three parameters in the NJL model, the current quark mass m 0 , the coupling constant G and the momentum cutoff Λ. In the following numerical calculations, we take m 0 =5 MeV, G=4
With the coupled gap equations (6) for the chiral and pion condensates, the phase boundary of the pion superfluid as a hypersurface in the three dimensional space of temperature and baryon and isospin chemical potentials is shown in Fig. 1 . Since the pion condensate increases with decreasing temperature and baryon density and increasing isospin density, the pion superfluid phase is located in the region of low temperature, low baryon density and high isospin density. By comparing the second gap equation of (6) for the pion condensate with the dynamical mass equation (11) 
, where µ j I is the meson isospin chemical potential. This explicit µ I dependence leads to a dynamical mass splitting for the charged pions [14] even in the normal phase. For the screening mass defined at q 2 0 = 0, q 2 = −M 2 of the propagator, however, the explicit and inexplicit isospin dependence in the normal phase is the same for the two charged pions, and therefore they are degenerate in the normal phase. Considering the condensation of π + at µ I > µ c I , M π+ and M π− are different from each other in the pion superfluid. The degeneracy of M π+ and M π− in the normal phase leads to two zero modes at the critical point, which is the reason why the strength of the quark potential approaches to the maximum at the phase transition very fast, see the discussion below. In the pion superfluid, only π 0 is still the eigen mode, but σ, π + and π − are replaced by the new eigen modes σ, π + and π − . π + is the Goldstone mode with zero screening mass M π+ = 0, as we analyzed above. At small isospin chemical potential µ I < µ c I , the chiral symmetry SU A (2) is already explicitly broken to U A (1). Therefore, the chiral symmetry restoration at high isospin chemical potential means only degeneracy of σ and π 0 , the charged π + and π − behave differently. However, in Fig. 2 the degeneracy at high isospin chemical potential is not for π 0 and σ but for π 0 and π − . This is due to the strong mixing among σ, π + and π − [14] .
In the top panel of Fig. 3 we show the screening masses in the normal phase as functions of temperature at fixed baryon and isospin chemical potentials µ B = 300 MeV and µ I = 100 MeV. The charged pions π + and π − coincide with each other in the whole plane, as we discussed above. Since there is no σ − π mixing in the normal phase, the σ and π 0 mesons become degenerate at high temperature where the chiral symmetry is almost restored. For a small isospin chemical potential, the mass splitting between neutral and charged pions is slight.
In order to clearly see the effect of spontaneous and explicit isospin symmetry breaking on the screening masses, we show in the bottom panel of Fig. 3 their temperature dependence at a higher isospin chemical potential. For the chosen µ I = 200 MeV and µ B = 300 MeV, the critical temperature for the phase transition from pion superfluid to normal phase is T c ≃ 155 MeV. In the pion superfluid at T < T c , π + is the Goldstone boson with screening mass M π+ = 0. Because of the mixing among σ, π + and π − , π 0 and π − , instead of σ and π 0 , approach to each other at low temperature where the mixing is strong enough. When T is close to the critical point, π − approaches to the Goldstone mode due to the weakening of the pion condensation. In normal phase at T > T c , π + and π − coincide again, and with increasing temperature σ and π 0 mesons approach to each other when the chiral symmetry is gradually restored.
quark potential
By analogy with the Yukawa potential between two nucleons through one boson exchange, the static quark potential via one meson exchange can be expressed as the Fourier transform of the meson propagator at q 0 = 0,
In the flavor SU(2) NJL model, the meson propagator in the pion superfluid is a 4 × 4 matrix with off diagonal elements, the quark potential becomes
where the trace is taken in the meson space {σ, π + , π − , π 0 }. Note that there is no singularity for the propagator on the real momentum axis and the above integration is numerically straightforward without any technical problem.
To better understand the potential through the screening of the interaction, we take also the pole approximation in calculating the quark potential. In this case the potential can be simplified as a summation over the poles,
with j = σ, π + , π − , π 0 in the normal phase and j = σ, π + , π − , π 0 in the pion superfluid, where g jqq is the effective mesonquark-antiquark coupling constant,
which is reduced to
when the pion condensation disappears. In the normal phase at zero isospin density, it is easy to expect that the quark potential is gradually weaken by finite temperature and baryon density, and this is confirmed by the lattice simulation [18] and model calculation [20] . What we focus on in this paper is the isospin effect on the quark potential. In Fig. 4 we show the potential as a function of the distance r between the two quarks in normal phase with µ I = 100 MeV (dashed line) and in pion superfluid with µ I = 200 MeV (solid line), the temperature and baryon chemical potential are fixed to be T = 100 MeV and µ B = 300 MeV in the two phases. Considering the momentum cutoff in the model, we do not discuss the potential in short distance and take the starting point r = 0.4 fm. The effect of the finite cutoff on the thermodynamics of the system is mainly at high temperature [32] . While this effect is not remarkable in the temperature and density region we considered here, the potential is normalized to lim T →∞ V (r) = 0 in the high temperature limit. It is easy to see that this normalization is automatically assumed in the pole approximation (16) . In both the normal phase and pion superfluid, the potentials oscillate slightly at large distance. This is from the so called Friedel oscillation [33] induced by the sharp Fermi surface at zero temperature which has been widely discussed in different matters [34, 35, 36] . Since the Fermi surface is smeared at finite temperature, the oscillation is suppressed by temperature and will disappear when the temperature is high enough. The difference between the normal matter and pion superfluid can be understood clearly in the pole approximation (16) . From the screening masses shown in Figs. 2 and 3, σ (σ) is always much heavier than the other mesons in the region we discussed, its contribution to the potential is almost screened, and in the intermediate and large distance the potential is mainly from the pion exchange. From Fig.2 , the pion screened masses at µ I = 100 and 200 MeV satisfy the relations M π0 < M π0 and M π− < M π− . If we neglect π + and π + , the potential in the pion superfluid should be above the potential in normal matter. However, when π + and π + are included, the mass relation M π+ > M π+ = 0 may turn around the above isospin dependence, and the attractive potential in the pion superfluid may be stronger than the one in normal matter, namely the potential with µ I = 200 MeV may be below the potential with µ I = 100 MeV. This is confirmed from our numerical calculation, as shown in Fig. 4 . While for µ I = 100 and 200 MeV the difference between the two potentials is small, the trend of the isospin dependence is really controlled by the Goldstone mode. We plotted also the potential in vacuum (dotted line) in Fig.4 . Totally different from the temperature and baryon density effect which weakens the interaction among quarks, the potential strength increases with isospin chemical potential.
The above numerical calculation for the potential is full but the analysis on its isospin dependence is based on the behavior of the screening masses. To know to what extent this analysis is valid, we compare in Fig. 5 the exact calculation with the pole approximation in normal matter with µ I = 100 MeV and in pion superfluid with µ I = 200 MeV. Again the temperature and baryon chemical potential are fixed to be T = 100 MeV and µ B = 300 MeV in the two phases. While the pole approximation deviates from the full result remarkably in the region of r < 2 fm, and the Friedel oscillation is washed away in the approximation, the screening masses do qualitatively describe the potential, for instance, the exponential decay and the saturation at large distance.
To see clearly and comprehensively the medium effect, we show in Fig. 6 the isospin dependence of the quark potential at a fixed distance. We take r = 2 fm which is the typical diameter of a hadron, the potential at this distance can be used to describe the average medium effect on the coupling strength of the quark matter. From the phase diagram Fig. 1 , for the chosen baryon chemical potential µ B = 300 MeV and the isospin region µ I < 600 MeV, the maximum critical temperature for the pion superfluid is T c ≃ 180 MeV. Let us first look at a potential at a given temperature. For any T < T c , the strength of the attractive potential increases with increasing µ I in normal phase and approaches to the maximum at the critical value µ c I . When the system enters the pion superfluid, the behavior of the potential suddenly changes, its strength turns from increasing to decreasing and gets saturated fast. The sharp and deep valley at the critical point µ c I arises from the two zero modes π + and π − or π + and π − at the phase transition, shown in Figs. 2 and 3 . Note that the saturated potential in the pion superfluid is always below the vacuum potential V (r = 2 fm) ≃ −0.06 GeV shown as dotted line in Fig.6 . Therefore, from the valley structure of the potential, the quark matter is most strongly coupled at the phase transition point, and from the strong enough potential at high isospin density, the pion superfluid is always strongly coupled. At T > T c , for instance T = 200 MeV, there is no more phase transition, and the valley structure disappears. At such high temperature, the potential at the distance of r = 2 fm almost disappears.
We now focus on the temperature dependence of the potential at a given isospin chemical potential, shown in . For a small µ I < 134 MeV, there is no pion superfluid even at zero temperature, the system is always in the normal phase. In this case, the temperature effect is under our expectation, the potential becomes weaker and weaker in the hot medium and finally vanishes. For a large µ I > 134 MeV, the system is in pion superfluid at T < T c and normal phase at T > T c . At a fixed isospin chemical potential, there is also a valley structure around the critical temperature: The potential strength increases with increasing temperature and reaches the maximum at T c , and after crossing the phase transition point, the potential changes suddenly and turns to become more and more weak and finally disappears. Different from the isospin structure shown in Fig.6 , the potential goes to zero very fast in the normal phase.
Conclusion
We have investigated the meson screening masses and quark potential in a pion superfluid in the frame of NJL model. The Goldstone mode corresponding to the spontaneous isospin symmetry breaking plays a significant role in the thermodynamics of the system. The minimum of the attractive quark potential is always located on the phase transition hypersurface in the three dimensional space of temperature and baryon and isospin chemical potentials. While at extremely high temperature and baryon density, quark matter is expected to be in a weakly coupled state, the pion superfluid is in a strongly coupled phase even the isospin density is extremely high. These surprising properties of pion superfluid may help us to understand the isospin asymmetric matter, like the core of compact stars. In this paper, we considered quarks in mean field approximation and mesons in RPA. When we go beyond the mean field for the pion condensate by taking into account the feedback from the mesons, the phase boundary will be shifted and the quark potential in the region of low temperature and low densities will be modified, like the case of chiral phase transition [37] . However, the minimum of the potential at the phase transition and the non-zero potential at extremely high isospin density will remain, since they are controlled by the Goldstone mode.
